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Abstract
For n> 2, every n-dimensional compact manifold X admits a chaotic homeomorphism. The set
of all chaotic measure-preserving homeomorphisms on X is dense in the space of all measure-
preserving homeomorphisms. Ó 1999 Elsevier Science B.V. All rights reserved.
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In this note we show that, for n > 2, every compact n-dimensional manifold X
admits a chaotic homeomorphism. We show that the set of all chaotic measure-preserving
homeomorphisms on X is dense in the space of all measure-preserving homeomorphisms
(with the uniform metric); the measure that is used is the Riemann-measure. Usually
theorems of this type are proved by category arguments [1,4,5], but we did not succeed
in finding such a proof for our result. See the discussion at the end of the paper. Our
proof is based on both category arguments and an inductive convergence criterion for
homeomorphisms. The category arguments are parts of the proofs of the following results
that we quote from Oxtoby [5, Chapter 18]. First, in the space of all measure-preserving
homeomorphisms of a compact n-dimensional manifold, n> 2, the topologically transitive
homeomorphisms are dense; secondly, for every topologically transitive homeomorphism
the set of points with dense positive semi-orbit is a dense Gδ . We shall need the following
modification of the first quoted result, the proof of which is only a minor adaptation of
Oxtoby’s proof.
Lemma 1. Suppose that X is a compact n-dimensional manifold, n > 2. Let f be a
measure-preserving homeomorphism ofX to itself. SupposeK is a finite subset ofX. Then,
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for every ε > 0, there exists a measure-preserving homeomorphism g :X→X such that g
is topologically transitive, d(f,g) < ε, and f and g agree on K (i.e., for each x ∈ K ,
f (x)= g(x)).
A chaotic map is a map with a dense set of periodic points which is topologically tran-
sitive and has sensitive dependence on the initial conditions [2]. We shall use the follow-
ing simple characterization of chaotic maps which was recently proved by Touhay [7]: a
map f :X→X is chaotic if and only if for all nonempty open subsets U and V of X the
map f has a periodic orbit Γ with Γ ∩U 6= ∅ 6= Γ ∩ V . Here is our main result.
Theorem 2. Suppose that X is a compact n-dimensional manifold, n > 2. Let f be a
measure-preserving homeomorphism of X to itself. Then, for every ε > 0, there exists a
chaotic measure-preserving homeomorphism g of X to itself such that d(f,g) < ε.
Proof. It follows that the set of all chaotic measure-preserving homeomorphisms on X
is dense in the space of all measure-preserving homeomorphisms. For the proof of the
theorem we shall construct the homeomorphism g as the limit of a uniformly converging
sequence of homeomorphisms
gi = hi ◦ · · · ◦ h0 ◦ f,
where the homeomorphisms hi are close to the identity. Using an inductive convergence
criterion [3, p. 251], for each i > 0, we obtain a number εi > 0 which depends
on f , h0, . . . , hi−1, such that the following holds: if d(hi, id) < εi for each i , then the
sequence 〈gi〉i converges uniformly to a homeomorphismg and d(f,g) < ε. The following
lemma is the key to the proof.
Lemma 3. Let X be a compact n-manifold, n > 2 and let f :X→ X be a measure-
preserving homeomorphism. Suppose K is a finite subset and U and V are nonempty
open subsets. Then for every ε > 0 there exists a measure-preserving homeomorphism g
such that
(1) f and g agree on K ,
(2) d(f,g) < ε,
(3) g has a periodic orbit Γ such that U ∩ Γ 6= ∅ 6= V ∩ Γ .
Proof. By Lemma 1 there is a topologically transitive measure-preserving homeomor-
phism h such that d(f,h) < ε/2 and f and h agree onK . Inside U and V we take disjoint
open Euclidean balls D and E, respectively which have diameter less than ε/2 and are dis-
joint from K . As the set of points with dense positive semi-orbit is dense, there are points
p ∈D and q ∈E such that hk(p) ∈E and hl(q) ∈D for some positive natural numbers k
and l. We may assume that the points h(p), . . . , hk−1(p), h(q), . . . , hl−1(q) are not in
D ∪E. Let SD be a measure-preserving homeomorphism such that SD is the identity out-
side D and SD(hl(q))= p. Similarly, SE is a measure-preserving homeomorphism such
that SE is the identity outside E and SE(hk(p))= q . Let g be the composition SD ◦h◦SE .
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Then g equals h outside D ∪E. It follows that d(h,g) < ε/2, whence d(f,g) < ε. More-
over, gk+l (p)= p. The lemma follows. 2
Now we return to the proof of the theorem. As the spaceX is compact, it has a countable
base for its topology. Let 〈Wi〉i>0 be the sequence of all pairs (Ui,Vi) of members
of some open base of X. Inductively, we define, for each i > 0, a measure-preserving
homeomorphism gi such that the following conditions are satisfied for i > 0.
(0) g−1 = f , Γ−1 = ∅,
(1) gi−1 and gi agree on the set
⋃i−1
j=−1Γj ,
(2) d(gi−1, gi) < εi ,
(3) gi has a periodic orbit Γi such that Ui ∩ Γi 6= ∅ 6= Vi ∩ Γi .
Suppose that g0, . . . , gi−1 have been constructed such that the above conditions are
satisfied. Applying Lemma 3 with f = gi−1, K =⋃i−1j=−1 Γj , U = Ui , V = Vi , ε = εi ,
we find the homeomorphism g = gi . Note that the value of εi is obtained from the
inductive convergence criterion. We define hi = gi ◦ g−1i−1. Then, d(hi, id) = d(gi , gi−1).
This completes the definition of the gi . It follows that g = limi→∞ gi is a homeomorphism
such that d(f,g) < ε. For each i > 0, Γi is a periodic orbit of g. It follows by Touhay’s
characterization that g is chaotic. The proof of Theorem 2 is complete. 2
The proof of Theorem 2 has a constructive flavor. All proofs of Lemma 1 that we know
use some category argument. We did not succeed in removing the category arguments.
Neither did we succeed in finding a proof of Theorem 2 using category arguments only. So
the following question seems of interest.
Question 4. What is the Borel class of the set of all chaotic (measure-preserving)
homeomorphism in the space of all (measure-preserving) homeomorphisms? Is this set
a Gδ?
It was pointed out to us by Phil Boyland that in the C1-category the property of having a
dense set of periodic orbits is generic for volume preserving diffeomorphisms on a compact
manifold, i.e., this property is enjoyed by the elements of a denseGδ-subset [6]. In the C1-
category the problem seems to be the transitivity condition of chaos.
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